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Abstract. The effective interaction of the electron magnetic moment anomaly
with the Coulomb field of superheavy nuclei is investigated by taking into ac-
count its dynamical screening at small distances. The shift of the electronic
levels, caused by this interaction, is considered for H-like atoms and for com-
pact nuclear quasi-molecules, non-perturbatively both in Zα and (partially) in
α/pi. It is shown that the levels shift reveals a non-monotonic behavior in the re-
gion Zα > 1 and near the threshold of the lower continuum decreases both with
the increasing the charge and with enlarging the size of the system of Coulomb
sources. The last result is generalized to the total self-energy contribution to the
levels shift and so to the possible behavior of radiative QED effects with virtual
photon exchange near the lower continuum in the supercritical region.
1 Introduction
For the supercritical region, Z > Zcr ' 170, QED predicts the non-perturbative vacuum re-
construction due to diving of the discrete electronic levels into the lower continuum, which
should be followed by the vacuum positron emission [1, 2, and refs. therein]. In addition,
the recent essentially non-perturbative computations show that the vacuum polarization en-
ergy demonstrates an substantially non-linear behavior in the supercritical region, gradually
different from the predictions of the perturbation theory; moreover, under certain conditions,
the vacuum polarizaton energy can compete with the classical electrostatic energy of the
Coulomb sources [3–5]. Hence, an actual problem is to study the possibility of compensating
these effects caused by fermionic loops by virtual photon exchange.
Since the completely non-perturbative analysis of the radiative QED effects lyes beyond
the existing methods of computation, the investigation of those separate components of the
self-energy shift, which allow for a detailed analysis, turns out to be of a special interest.
One of these effects is the interaction ∆UAMM of the electron’s magnetic moment anomaly
(AMM), dynamically screened at small distances, with the Coulomb field of nuclei, which is
described by a local operator and so preserves all the requirements for the Furry picture.
The behaviour of the electronic levels near the threshold of the lower continuum, caused
by ∆UAMM , is considered for H-like atom and compact nuclear quasi-molecules, which simu-
late the low-energy heavy-ions collisions. The dependence of the levels shifts ∆EAMM on the
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charge Z of the nuclei and on the internuclear distance d is investigated. It is shown, that for
the levels located in the vicinity of the lower continuum threshold the magnitude of ∆EAMM
decreases both with growing Z and d.
2 The Dirac equation with ∆UAMM
2.1 The effective interaction caused by the electron’s magnetic anomaly
The effective interaction of the AMM with an external electromagnetic field by taking into
account the dependence of the electronic form factor F2(q2) on the momentum transfer q2
from the very beginning is given by the following expression [6, 7]
∆UAMM(~r ) =
e
2m
σµν∂µA(cl)ν (~r ), (1)
where e is an electron charge, m is an electron mass,
A(cl)µ (~r ) =
1
(2pi)3
∫
d~q ei~q~r A˜(cl)µ (~q )F2(−~q 2) , (2)
while A˜(cl)µ (~q ) is the Fourier-transform of the classical external field A
(cl)
µ (~r ). In the static
limit F2(q2) ' F2(0) from the Eq. (1) one obtains the well-known Dirac-Pauli operator. The
effective potential (1) of the interaction with one or more spherically-symmetric extended
nuclei with charge Zi and coordinate ~ri could be rewritten as the following commutator [7, 8]
∆UAMM(~r ) = −λ [~γ · ~p , V(~r )] , (3)
where λ = α2/4pim, α = e2/4pi, V(~r ) =
∑
i Zi c
(|~r − ~ri|)/|~r − ~ri|, while the function c(r) for
the nucleus in the form of the uniformly charged ball with radius R is given by [7]
c(r) = 1 −
∞∫
4m2
dQ2
Q2
3QR coshQR − 3 sinhQR
R3Q3
e−Qr
1
pi
Im F2(Q2)
F2(0)
, r > R ,
c(r) =
(3R2 − r2)
2R3
r − r
2m2R3
+
+
∞∫
4m2
dQ2
Q2
3(QR + 1)
R3Q3
sinhQr e−QR
1
pi
Im F2(Q2)
F2(0)
, r < R . (4)
where in the one-loop approximation
1
pi
Im F2(Q2) = 2F2(0)
m2
Q2
1√
1 − 4m2/Q2
.
The expression ∆g f ree c(r), where ∆g f ree = 2F2(0) ' α/pi is an AMM of the free electron,
could be interpreted as the dependence of the electronic AMM on the distance from the
nucleus center [6], and the examination of expression (4) shows that c(r) → 1 in the region
r & 1/m, while for r → 0 it tends to zero. Thus, accounting for the form factor dependence
on the momentum transfer the Eq. (2) ensures suppression of the AMM-potential at small
distances, principally important for superstrong fields [6, 9, 10].
2.2 The one-center and two-center Dirac equation
The Dirac equation with an additional interaction ∆UAMM takes the form (~ = c = me = 1)(
~α~p + β + W(~r ) + ∆UAMM(~r )
)
ψ = ψ , (5)
where W(~r ) is the Coulomb interaction of the electron with the nuclei. For our purposes it
is convenient to write W(~r ) in the form W(~r ) = −αU(~r ), where U(~r ) = ∫ d~r ′ ρ(~r )/|~r − ~r ′|,
while ρ(~r ) =
∑
i ρ0(~r − ~ri ), and in the considered nuclear model ρ0(~r ) = Θ(R − r) 3Zi/4piR3.
From the Eq. (5) for the upper iϕ and lower χ components of the Dirac bispinor ψ there
follows
i
(
~σ~p + λ
[
~σ~p ,V(~r )
])
ϕ =
(
 + 1 + αU(~r )
)
χ ,
i
(
~σ~p − λ [~σ~p ,V(~r )]) χ = − ( − 1 + αU(~r ))ϕ . (6)
Let us consider one-center and two-center configurations of the Coulomb sources cor-
responding to the H-like atom and to the simplest nuclear quasi-molecule, which consists
of two identical nuclei. In the first case the total moment of the electron ~j and the operator
k = β(~σ~l+1) are conserved, and so the upper and the lower components of the electronic wave
function will contain the real radial functions fκ, gκ and the spherical spinors X−|κ|,m j ≡ Ω jlm j ,
X|κ|,m j ≡ (~σ~n) Ω jlm j (the definition of spherical harmonics and spinors follows Refs. [8, 11])
ϕ = fκ(r) Xκ,m j , χ = gκ(r) X−κ,m j , (7)
while for the energy levels with given κ = ±( j + 1/2) one obtains the spectral problem in the
form of the following system of equations
∂r fκ +
1 + κ
r
fκ − λ Z ν(r)r2 fκ = (1 +  + αU(r)) gκ ,
∂rgκ +
1 − κ
r
gκ + λ
Z ν(r)
r2
gκ = (1 −  − αU(r)) fκ , (8)
where ν(r) = c(r) − rc′(r).
In the case of the quasi-molecule containing of the two nuclei, the centers of which are
placed at the points ~r1,2 = ±a~ez, only the projection jz is conserved, and the solutions of
the Eqs. (6) with definite m j are represented now as the (truncated) expansions in spherical
spinors
ϕ =
±K∑
κ=±1
fκ Xκ,m j , χ =
±K∑
κ=±1
gκ X−κ,m j . (9)
As a result, the initial Eqs. (6) take the form of the system of 4K equations
∂r fκ +
1 + κ
r
fκ + λ
∑
κ¯
Mκ;κ¯(r) fκ¯ = (1 + )gκ + α
∑
κ¯
N−κ;−κ¯(r) gκ¯ ,
∂rgκ +
1 − κ
r
gκ − λ
∑
κ¯
M−κ;−κ¯(r) gκ¯ = (1 − ) fκ − α
∑
κ¯
Nκ;κ¯(r) fκ¯ , (10)
where the coefficient functions Nκ;κ¯(r), Mκ;κ¯(r) are expressed via the multipole moments Un,
Vn and 3j-symbols [8]
Nκ;κ¯(r) =
2K∑
n=0
Un(r) 〈Xκ,m j |Pn(cosϑ)|Xκ¯,m j〉,
Mκ;κ¯(r) =
2K∑
n=0
(
∂r +
κ − κ¯
r
)
Vn(r) 〈Xκ,m j |Pn(cosϑ)|Xκ¯,m j〉. (11)
All the Coulomb multipole moments Un are evaluated analytically in the model of nucleus
charge used (see Ref. [8]). The systems of equations (8) and (10) are solved by numerical
methods; in the case of compact quasi-molecules (d = 2a . 100 fm) the technique used
converges quite fast with growing the cutoff κmax = K in the expansion (7), which allows one
to determine the electronic levels energy with an accuracy of 10−6 ∼ 10−7 electron mass [8].
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Figure 1. The shift of the levels in H-like atom due to ∆UAMM in terms of FAMMn j (Zα) as a function
of the nuclear charge Z for levels with n ≤ 4 and j = 1/2, 3/2 (a),(c); FAMMn j (Zcr,n jα) for the shifts of the
levels located near the threshold of the lower continuum in the region Z < 1000 (b),(d). The separate
groups of points in Figs. (b),(d) correspond to the series of the levels with fixed l j and various n.
3 Properties of the levels shifts due to ∆UAMM
By solving the Eqs. (8), (10) with and without the additional interaction ∆UAMM one obtains
the levels shifts caused by AMM. This shift in H-like atoms is a part of the self-energy
contribution to the Lamb shift, which is usually represented in terms of the function Fn j(Zα),
defined by [12]
∆ES En j (Zα) =
Z4α5
pin3
FS En j (Zα)mc
2 . (12)
In the Figs. 1(a) and 1(c) the function FAMMn j (Zα) is plotted for a number of the lower
electronic levels in the H-like atom. The right end point of each curve in Figs. 1(a) and 1(c)
corresponds to the shift of the level nl j in H-like atom with critical nuclear charge Zcr,n j (in
this system the level is located at the threshold  = −1). There follows from Fig. 1 that the
levels shifts due to electronic AMM have a non-monotonic dependence on Z with local peaks,
when the levels approach the threshold of the lower continuum. Nevertheless, the magnitude
of the levels shifts near  = −1 decreases with growing Z for each series of the levels (see
Figs. 1(b) and 1(d)). In the quasi-molecule the shift due to ∆UAMM decreases quite rapidly
with increasing internuclear distance, moreover, the shift near the threshold also falls down
with enlarging the distance between nuclei (both in absolute units and in units of Z4α5/pin3),
although the total charge of the nuclei Zcr becomes greater (see Fig. 2).
4 Conclusion
Thus, we have shown how the electronic levels behave due to ∆UAMM in the one-center and
two-center systems with subcritical and supercritical charge. It should be noted that these
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Figure 2. The function FAMMn j for the contribution from ∆UAMM as a function of total charge Z for the
lowest even (a) and odd (b) electronic levels in an H-like atom (solid) and in a symmetrical two-nuclei
quasi-molecule for the fixed internuclear distances (other).
results are completely non-perturbative in Zα and (partially) in α/pi, since the latter enters the
coupling constant of ∆UAMM .
And although the shift due to AMM is just a part of the whole radiative correction to the
binding energy1, the key-point here is that the behavior of FAMMn j (Zα) qualitatively reproduces
the behavior of FS En j (Zα) in subcritical region for a number of the lower electronic levels [9].
So there appears a natural assumption, that in the overcritical region the decrease with the
growing Z and the size of the system of Coulomb sources should take place also for the
total self-energy contribution to the levels shift near the threshold of the lower continuum,
and hence, for the other radiative QED effects with virtual photon exchange. Thus, one may
expect, that the non-linear decline of the vacuum energy for Z >> Zcr, where the contribution
from the fermionic loop plays the main role [3–5], can not be compensated by the contribution
from the radiative corrections, but this statement requires more thorough further verification.
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